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^ -Li,  THEORETICAL  FORMULAE  HAVE  BEEN  DER I VEO  SHOWING  THE  ELASTIC 
II  ^'il'v'K/'  ^ASTrC  'BEHAVIOR  UNDER  UNIFORM  PRESSURE  OF  CIRCULAR  CYLINDERS  COMPOSEO 

y.  * ’ r->  , „ -y  . • ■ • . 

• "OF-  THREE'  TYPES  OF  MATERIAL.  THE  FIRST  IS  A^  MATERIAL  CHARACTERIZED  BY 

flSS'  ■ ' AW  ,A*B,TRA*y  tSOTRCFIC  STRESS-STRAIN  LAW.  IN  THIS  CASE  FORMULAE  ARE 

ft  - J v DERIVED  FOR  THE  BEHAVIOR  OF  A CYLINDER  UNDER  THE  RELATIVELY  CCI^gJLtX 

W;'t  TYPE.  OF  DEFORMA T IOjT  HERE  CONSIDERED  FROM-  THE  SIMPLE  STRESS-STRAIN 

!•  CUfWEJF  THE  MATErW"7 N TENSION.  THE  SECOND  AND  THIRD  TYPES  OF 

•Ml — /•  , -MATERIAL.  CONSIDERED  ARE  PARTICULAR  CASES  .OF  THE  ABOVE;  NAMELY,  A 

.MAfcnjAL  WITH  fro  *£  ’ paYn-hapdEN I NG,  AND  A MATERIAL  WI  TH  CONSTAn/^TRA  IN  '• 

h ■ HARDENING.  * . " * " " ' 

Il/v  ' • ■ / • 

. TO0  EACH  OF  THESE  T^KfE  MATERIALS  A*Ll  STRESSES  AND  STRAINS  AT  A 

(C  < * * • ,i  ' ‘ j T~  , , ' ■ 

,:r-r:.  _l  POINT  MAY  be- COMPUTED  IN  TERMS  OF  etB,  .THE  tangentia'l  bcre  STRAIN,  ft, 

' ' THE  AXN&  STRAIN,  Pb,  THE  EXTERNAL  AppL  IED  PRESSURE,  W,  tHE  RATIO  OF 

f INITIAL  OUTSIDER  DIAMETER  rO  INITIAL  INSIDE  D I aWtE'R,  ANEHgjkTHE  RADIAL 
D ISTANCt  OF  THE  POINT  DIV'DED  ’EY  T^E  BORE  RAD I US . J#N  PARTICULAR,  THE 
PRESSURE  FACTOR,  I.E.,  THE  PATIO  OF  THE  PRESSURE  DIFFERENCE  TO  THE  YIELD 
< - . - STRESS,  THE. -OVERALL  AXIAL  FORCE,,  AND'-  The  rLOW  FACTOR,  I .E.,  THE  RATIO  . 

*'  IN  INCREASE1  OF  I N$  I DE.  DIAMETER  Tft  INCREASE  OF  OUTS  IDE  DIAMETER,' MAY  BE 

FOUND  FROM  FORMULAS  (i7),  f JSa),  >22  ),  (25  ),  L 6),  (30),  AND  (32)  . 
iX-  J-  **'"  -s  IN  ORDER  TO  OBTAIN  THE  CASE  OF  A CYLINDER  YIELDING  ONLY  PARTIALLY 

■ THE  CORRESPONDING  SOLUTION  FOP  THE  ELASTIC  DEFORMATION  OF  A CIRCULAR 

, - . CYLINDER  IS  CONSIDERED,  AND  A.  METHOD  I S PP^SC^TEi3  FOR  MATCHING' |THI|^ 

V.  ?■  Elastic  solution" to’  any  of  the  preceding  plastic  ones,  all  stresses 

,-/■[  L TXND  STRAINS  in- both  THE/ELAST’i-C  AND  PLASTIC.  PORTIONS  OF  .THE  PARTIALLY 

Y.|.ELDrD  CYLINDER  MAY  BE -READILY  FOUND  FROM  THE  FORMULAE  PRESENTED. 

2..  GRAPHICa’l  APPLICATIONS  OF  THESE  FORMULAE  WILL  BE  PRESENTED-  • 


IN  SUBSEQUENT  REPORTS. 
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GLOSSARY  OF  SYMBOLS  EMPLOYED  ' 

1 . GENERAL  PLASTIC  STRESS  STRAIN  RELAT IONS 

EQUILIBRIUM  EQUATION 
' INCOM.PRES  SIB  I L I TV  EQUAT  I ON 

‘ ^ stress-strain  equation'  ■ 

2.  THE  COMPLETE  YIELDING  OF  CIRCULAR  CYLINDERS 

| • STRAIN  EQUATIONS  ^ " 

AS  A FUNCTION  OF  RADIUS 

“ / ;;  STRAIN  DIFFERENCE  EQUATIONS  ' 

/ .x  AS  A FUNCTION  OF  RADIUS 

^ AS  A ruNCT I ON  OF  DISTORTION  STRAIN 

I . 

DISTORTION  STRAIN  . - 

AS  A ‘FUNCTION  OF  RADIUS  ' ) ■ 

STRESS-OI FFERE-NCE  EQUATIONS 
AS  A FUNCTION  OF  DISTORTION  STRA^ 

• RADIAL  STRESS  * - • V . 

FORMAL  SOLUTION  s'  ' " . \ 

. ‘ Constant  y ielO  STRESS 

CONSTANT  STRAIN  HARDENING 
- •-  THIN  waliLeo  cylinders 


PRESSURE  FACTOR  ' • ' 

FORMAL  SOLUTION  ‘ 

CONSTANT  YIELD  STRESS 
CONSTANT  STRAIN* HARDENING 

AXIAL/FORCE  COEFFICIENT  - 
FORMAL' SOLUTION.. 

constant  yield  stress 

CONSTANT  STRAIN  HARDENING. 

AXIAL  CONTRACTION  v 

, TO  BE  FOUND  FROM  F*  * 0 
' 'K  THIN  WALLED  CYLINDERS 

3.  TH£  PARTIAL  YIELDING  OF  CIRCULAR J^YL INDERS 

SORE  Strain.  USED  as  8Asi:>  for  computing 

- ' UNKNOWNS 


FORMULA  -'m 


, .j, 


(3),  (4),  (5a) 

•v  • 


, ;’v*  r-.A’v'ft, 

- ■ Mm 

9a  j 


&$'■ 


. . m 

- - vg. 
•*:V- 


■ 

i Tti&'ir. 

f >:■ 


n> 


\ 


* «*. 


I MTRO0UCT I ON 


iUl 


% 

t\  *'  ' 

ik 


■*  m? 


, 

,>  »«--  . 

^ ; K'’’  * - 


m. 

ft  *■>  • 

pf'  } 

' *' 


v 


jW  \ , 

&a&,l  ; - 

; !*  ♦ 

1 

u v',‘  * 

:§m 

'.  if-Vt 
‘ *#V?r 

>V,  % 

|’;feu 

Vt\ 


t 

j 


V PREVIOUS  ORDINANCE  WORK  CONCERNED vWI  TH  THE  MATHEMATICAL  THEORY  OF 
THE  PLASTIC  FLOW  OF  H0LLOty  CYLINDERS  UNDER  UNIFORM  INTERNAL  AND  EXTERNAL 
PRESSURES  HAS  BEEN  GENERALLY  BASED  UPON  THE  ^SUMPTION  THAT  THE  CYLINDER 
MAINTAINS  A FIXED  LENGTH  DURING  THE  DEFORMATION.  COMPARISON  OF  THE  RE- 
SULTS OF  THIS  SIMPLIFIED  THEORY  WITH  EXPERIMENT.  SHOWS  A SIGNIFICANT  DIS- 
CREPANCY IN  MANY  PRACTICAL  CASES  OF  IMPORTANCE.  THE  PRESENT  INVESTIGA- 
TION HAS  BEEN  UNDERTAKEN  WITH  TrtE  OBJECT  OF  DERIVING  FORMULAE  FOR  THE  ^ 
STRESSES  AND  DEFORMATIONS  ALLOWING  FOR  CHANGES  IN  CYLINDER  LENgffi7 
RETAINING  ONLY"THE  ASSUMPTION  THAT  THE  LONGITUDINAL  EXPANSION  OR  CON- 
TRACTION REMAINS  THE  SAME  THROUGHOUT  THE  CYLINDER.  THESE-  FORMULAE, 
EXPANOEO  And  EXPRESSED  IN  GRAPHICAL  FORM  IN  LATER -REPORTS,  WILL' PROVIDE 
IMPROVED-CALCULATION  METHODS  .FOPi  • N 

- - • _>  . ' - .v  ■ l;  . ’ ■ *'>  • 

iv  design  Information  for  coloworking  of  gun  tubes;  the 

EFFECT  OF  A CHANGE  YN  THE  RATIO  QF  YIELD  TO  TENSILE 
STRENGTH ^IPON  PRESENT  DESIGN  DATA;  RESIDUAL  STRESSES 
AFTER  COLDWORK;  ' 

2.  THE  ALLOWABLE  DEFORMATIONS  AND  STRENGTH  OF  GUNS  AND 

, SHELLS  IN  FIRING;  THE  MECHANISM  OF  BURSTING* 

3”.  mURE  SPECIALIZED  PROBLEMS,  SUCH  AS ^J5CALI 210 
INTERNAL  AND  EXTERNAL  LQAOS.  - 

THE  DISCUSSION  iN  THIS  REPORT  IS  ^DEVOTED  JO  A MATHEMATICAL 
ANALYSIS  OF:  ‘ V . A 7 . 

, i - rt  " . ' , ■ \ '•  ' - 

1 . GENERAL  PLAST  1C  STRESS-%TRA t N RElAT  IONS 

2.  THE  COMPLETE  YIELDING  OF  CIRCULAR  CfllMDERS 

3.  THE  PARTIAL  YIELDING  OF  CIRCULAR  CYLINDERS 
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. '•  • DISCUSSION  • \ ' - ; 
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1 • CCNgWAL  PLASTIC  STRESS-STRAIN  RELATIONS:  44' 

— ; ’:  ■ • •■■  • ■•-  •-  •:  •■  ..  , ■ . - y ■ '■  * ‘ . 

™£  FOLLOWING  ASSUMPTIONS  (WILL  BE  MADE* 

d MATERIAL  IS  CONSIDERED  TO  FOLLOW  the  VON  MfSE$  CONDITION  / 
^JI^PSE0  ,N  £CUATI0NS  (3)  AND  <*»),  and  the  condition  orV  4 

INCOMPRESSIBILITY,  VAiILE  UNDER  LOADING  BEYOND  THE  YIELD  POINTS 
BELOW  THE  YIELD  POINT,  AND  IN  RECOVERY  DURING  UNLOADING.  THE 
MATERIAL  WILL  BE  ASSUMED  T^fOLlOW  HOOKE’S  LAW  WITH  COMPRESS- 
IBILITY CONSIDERED. 

b * ALL,  QUANTITIES  are  SYMMETRICAL  ABOUT  THE  LONGITUDINAL  AXIS  OF 
The  CYLINDER 

c ALL  QUANTITIES  ARE  INOEPENOENT  OF  POSITION  ALONG  THE  LENGTH 

OF  THE  CYLINDER. 1 . ; - ; 

d THE  LONGITUDINAL \sTRA IN,  e„  ISA  CONSTANT  THROUGHOUT  THE 
WHOLE  OF  THE  CYLINpER;  AN0K ALL  PLANE.  CROSS  SECTIONS  REMAIN 
PLANE  DURING  THE  DEFORMATION.  ■/t'!  * 

.*  ‘ - ’ v • . 

, THE  APPLIED' INTERNAL  AND  EXTERNAL  PRESSURES  ARE  ASSUMED 

UNIFORM,  AND  THE  LONGITUDINAL  FORCES  APPLJED  AT  THE  ENOS 
OF  THE  CYLINDER  APE  ASSUMED  TO  BE  SO  DISTRIBUTED  THAT 
ASSUMPTIONS  b,  C'i  d,  ABOVE,' APE  VALID.  * 

LET  r REPRESENT  THE  RADIAL  01  STANCE  OF  A GIVEN  POINT  FROM  THE 
CV’  ,,|0P,CAL  AX,S»  AN'D  LET;st,  <>r,  S„  et,  er,  AND  e,  BE  THE  TANGENTIAL; 
PA-IF  , and  axial  STRESSES  and  STRAINS  RESPECTIVELY,  .CYLINDRICAL  ' 
C-rp-.NATE  PLANES  APE  THE  PRINCIPAL  PLANES  OF  STRESS  AND  STRAIN,  SO 

L SHEAPING  Stresses  AND  ^TRAINS  ACROSS  THESE  PLANES  VANISH.  BY 
-Hr  4>  MJM.PT l,ONS  ABOVE,  all  QUANTITIES  ARE  FUNCTIONS  OF  r ALONE,  and 

0'  THE.  USUAL  three  EQUILIBRIUM  EQUATIONS  for  STRESSES  ONLY  C$JE  REMAINS 

TO  EE  SATISFIED:  ' - / 

l§c  . s^r_sr  r - -c  , 

- dr  r .... 

TOR  PLASTIC  DEFORMATION  UNDER  LOADING,  THE  EQUATION  OF  INCOMPRESS^ 
IBILITY  MUST  BE.  SATISFIED:  • - . ' 

e-t  + er  + e,  * 0.  • * • . - . * 


IN  A.  SIMPLE  TENSION  TEST  THERE  »S  A DEFINITE  RJNCT  TONAL  RELATION 

©EtsbCEn  the  strain  And  the  corresponding  stress,  in  a complex  state 

OF  STRESS  AND  STRAIN  SUCH- AS  IS  PRESENT  IN  A YIELDING  CYL  INDER  # 

SIMILAR  RELATION  BETWEEN  TWO  ANALOGOUS  QUANTITIES  OBTAINED  FROM  THE 
COMBINED  SYSTEM  OF  STRESSES'  AND  STRAINS  MAY  BE  WRITTEN.1  -LET 

5 - Sr)2v4. -(Sr  -V*)2  + (S,  - St  )2"ilyf?'''''' 

® . • . - ' . . • . 

e * 5 [ (®t  •“  )2.  * ..(«*.  “ R*)2,  + (b*  ~ )2 } v ' 

WHERE  THE  POSITIVE -SIGNS  OF  THE  RAOICALS  ARE  TO  BE  TAKEN.  THE  FUNCTIONAL 
RELATIONSHIP  BETWEEN  THESE  TWO  QUANTITIES  MAY  BE  EXPRESSED  BY 
S = S(e)  ’ ' 

THE  CONSTANT  FACTORS  IN  (3a)  AND  (3b)  HAVE  BEEN  SO  CHOSEN  THAT  S 
IS  THE  SAME  FUNCTION  OF  e THAT  STRESS  IS  OF  STRAIN  IN  A SIMPLE ‘TEN^ I ON 
TEST  OF  THE  MATERIAL . THUS  i:T  IS  POSSIBLE  IN  lATER  FORMULAE  TO  SUB- 
STITUTE TENSION  TEST  DATA  OIRECTIY.  ' '< 

TWO  EQUATIONS  MAY  BE  WRITTEN  RELATING  THE  INDIVIDUAL  STRESS  AND 
STRAIN'1  COMPONENTS  (ONLY  ONE  OF  WHICH  IS  AN  INDEPENDENT  CONDITION, 
'HOWEVER)  ~ ’ . * 


% " S, 


Sr.  - S. 


POINT 


,TH£  PATIO  INTRODUCED  IN  14  )’  WILL  IN  GENERAL.  VARY  FROM  POINT  TO 

*+r  material;  HOWEVER,  IT  must  BE  CONSIDERED  AS  INTRTNSiCALLY  - 


POSITIVE  > f THE  MATERIAL  IS  TO  DEFORM  IN  THE  DIRECTION  OF  LOADING. 
“•  •>-!  la),  ( Tb  V,  AND  >'*»)  IT  FOLLOWS  that  ' ' s>  7 

S-  •;$,  - s.i*l , . - 

s»  - Or  c - c 


75.  ^ ‘ 


/'e,  - e ,Y 


'e,  - e*\z7 


1 A.  NADAl,.  ON  THE  MECHANICS  OF  THE  PLASTIC  STATE  OF  METALS,  A.SME 

TRANSACTIONS.  1930  V.  5.:  ( 1 ) ! 


2.  THE  COMPLETE -Y I ELOW\)F  CIRCULAR  CYLINDERS 


If  an  INTERNAL  PRESSURE  IS  GRADUALLY  APPLIED  t6  a CYLINDER,  STARTING”; 
FROM  AN  UNSTRESSED  STATE,  THEN  AT  FIRST  THE  WOLE  CYLINDER  WILL  BE  *_j 

deformed  elastically,  as  the  pressure  increases  the*  more  highly^..  ‘ 

STRESSED  INNER  PORTION  WILL  YIELD  PLASTICALLY,  WHILE  THE  OUTSIDE  ST  I'LL 

remains  Elastic,  the  two  regions  will  be  separated  by  a cylindrical 

BOUNDARY,  FORMING,  IN  EFFECT,  TWO  DISTINCT  TUBES.  WHEN 1 SjTILL 
PRESSURE  IS  APPLIED,  THE  INNER  REGION  WILL  INCREASE  UNTIL  FINALLY 
THE  WOLE  TUBE  IS  IN  THE  PLASTIC  STATE.  THE  INTERMEDIATE  STATE, IS  V'; 

TERMED  PARTIAL  YIELDING,  IN  CONTRAST  TO  THE  FINAL  .STAfE^Of  COMPLETE  *■ 

- ‘ • V . J ‘ . 7 - .....  ,'** 

YIELDING.  ... 

THE  CASE*  OF  COMPLETE  YIELDING  WILL  FIRST  BE  TREATED  IN  WICH  * ♦ 

ONLY  THC  APPROPRIATE  SOLUTIONS  OF  THE  GENERAL  PLASTIC  STRESS-STRAIN 

. • 'rn- 

RELATlONS  NCED  BE  FOUND.  IN  PARTIAL  YIELDING,  HOWEVER,  THE  SOLUTION 

FOR  THE  ELASTIC  CYLINDER  WILL  BE  OBTA INED  SEPARATELY,  WHEREUPON  IT 

MAY  BE  MATCHED  WITH  THE  EARLIER  PLASTIC  SOLUTION  SO  AS  TO  MEET  THE  ‘ . ‘js 


§&  ' 

w. 


it 


mi 


CONDITIONS  OF' ITHE  PROBLEM. 


A.  GENERAL  FORMAL  SOLUTION  FOR  MATERIAL  WITH  AN  “ARBITRARY  tSOTF 

STRESS-STRAINLAWi  ’ ~ ’ 

- - 7.  ■ - 

let  \j(r ) BE  THE  RADIAL  DISPLACEMENT  OF  A POINT  DUR  ING  THE  • 


DEFORMATION.  THEN 


«t  s p t 


, er  * AN  ARBITRARY  CONSTANT 


aetvjj 

— 


THE  INCOMPRESSIBILITY  RELATION  THEN  BECOMES 

dU  U . ^ 

d?  + r ; e* = 0 . • -■  . 

SOLVING  (7)  FOR  U ( r ) , AND  LETTING  eu  « THE  TANGENTIAL  STRAIN  AT 

THE  BORE  RADIUS  ( r * a )■,  R «•  - , AND  I,  * 2*  ( THE  STRAINS  MAY  BE 

a • _ 

WRITTEN  • 


H - ?* 


i » 


e.  - W tv; 


*t«  I, 


~ ■ •/ 

'■-H 


2 BY  I SOTRpPY  IT  IS  MEANT  ONLY  THAT  .THE  INITIAL  PROPERTIES  OF  THE 
* ^RE  INDEPENDENT  Of  DIRECTION. 


mm 


TH£  STRA  W DIFFERENCES  MAX  THEftl  BE  WRITTEN 
■ ©i  - er  = (2  ■*■  Sjj) 


er  - e* 


f)  '♦  «,1 

1 * 3f*  - ~r^  1 


- et  + 36*  — 2-t7St'l 


R*" 
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--T  .• 


FROty  WHI  CH  e MAY  BE . IMMEDIATELY  COMPUTED!  I N TERMS  6f  R 

1/2 


i , ‘ \ ( c.V  * ?,)2  * 1 

s|*f|  ; -jjjT*— 


WAITING  8 = -~,  (10)  BECOMES 

r*»l 

.,1/2 

. ' Z / * / 

3R* 
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FROM  (9)  IT  IS  EVIDENT  THAT  THE  SIGN  OF  et  ~'.er,  HENCE  OF 

v St  - AND  HENCE  OF  —ip-  IS  THE  SAME  THROUGHOUT  THE  CYLINDER*  AND 
* r or  % 

OEPENOS  ONLY  UPON  the  SIGNS'  OF  et„  AND  OF 2>  8*,  IF  THE  CYUNOER 
' IS  UNDER  LONGITUDINAL  TENSION,  WITH  NO  If WERMAl -AND  EXTERNAL  PRESSURES, 
'•  5i  » -2,  QR  et,  = - | er>  as  WOULD  BE  EXPECTED  FQR.  A MATERIAL  WITH 

*■  POISSON’S  RATIO  OF  0.5.  FOR  THE  CASE  OF-RPI  *APY  INTEREST,  BORE  EX- 

PANSION under  i vernal  pressure*  et«  will  sf  positive,  and  e*  v/ill  be 

j GREATER  THAN  THIS  VALUE  OF  -2.  WT  WILL  C ASSUMED,  THEREFORE,  THAT 
BOTH  et»  AND.?  •+  8*  ARC  POSITIVE  THROUGHOUT  THE  REST  OF  THIS  REPORT*. 
THE  DEVELOPMENT  IS  I ^ NO  SENSE  LlMITEO  BY  - THIS  ASSUMPTION,  BUT  MAY 
BE  APPLIED' TO  THE  MOST  GENERAL  CASE  (THAT. IS,  FOR  ANY  COMBINATION  OF 
INTERNAL  OR  EXTERNAL  PRESSURES  OR  TENSIONS)  VI  TH  ONLY  MINOR  CHANGES  ' 


IN  SIGNS.  • ' 

o t • J . 

THE  STRAINS  (HENCE  e,  AND  S (el)  HAVE  NOW  BEEN  EXPRESSED  AS 


FUNCTIONS  OF  R.  THUS  F^OM  (l)  AND  (5a)  IT  I S EVIDENT  THAT  Sr  AND 
THE  REMAINING  STRESSES  MAY  READILY  BE  FOUMO  IN  TERMS  OF  R.  RATHER 
„THAN  DO  THIS  DIRECTLY,  i t WILL  BE  MORE  ' COMAE  HI CN7  TO  EMPLOY  § AS  THE 
INDEPENDENT  VARIABLE.  R WILL  THEREFORE  BE  EXPRESSED  AS  A FUNCTION 
OF  6 FROM  UOa).  "THUS  \ . 


; 


R*  p - , . 

o . rt{e* 


2 ♦ 8, 


3)1/3 
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m . m* 


POP . f2 


(t*. 


I! 


FROM  (9),  TR£PtFORE, 

•«  - •,  * 

V «r  “ e*  - ^ J - 3§,  -r  75(f*  - j 

ez  - et  * j 4 3f f - /5f«*  - «**)l/*  | 

" 

8Y  (5a)  AND-  (13),  • 

s«  - s,  ■ ^ 

Sr  - S,  ■ -4-i  - 31 « ~ H (**  - 


M 


fig 


Sr  - S,  - 
S,  - St  * 


$ ».  - i5  u*  - i?n 


with  THESE  PRELIMINARY  relations  sr  may  now  8£  FOUND.  SUBSTJT 
FROM  (1M)  INTO  (1 ) \n£>  INTEGRATION  FROM  THE  OUTSIDE  WAUL  OF  THE  CY 
(R . * W)  TO  A POINT  P,  YIELDS  8Y\(12),  ' ' S 

-v*r  r * c; . - w 


S.v^§r 

- R > 


' j J !&(£ ' 


■ Sr  * 


c sir*...M*uSL.. 


VH^PE  Pb  IS  tH£  EXTERNAL  PRESSURE  ON  THE  CYLINOER,  §b  IS  THE  VALUE  OF 
? AT  THE  OUTSIDE  wall,  GIVEN  FROM  { 10a)  BY\ 

0 • * _f  <-  *■  gz)?~  , g/f /?  - ' ■ 


5b  = I 


WHILE  e is  GIVE^  IN  TERMS  OF  R IN  (lOa).  S IS  STILL  A FUNCTION  OF 
e (=  e„«)  IN  (IS).  THE  SCALE  MUST  THEREFORE  8E  CONVERTED,  IF  THE 
INTEGRATION  IS'TQ&E  PERFORMED  NUMERICALLY  OR  GRAPHICALLY.  IN  USING 
THE  "BARRED”  STRAIN  EXPRESSIONS,  RELATIVE  STRAINS  HAVE  BEEN  IN- 
TRODUCED, THAT  IS,  STRAINS  PER  UNIT  OF  BCWEUxPANSION.  THE  FUNCTION 
S,  HOWEVER,  DEPENDS  ON  THE  fOf'AL  EXTENT  OF  STRAIN  AT  A GIVEN  POINT, 


* -» " v 

•. '•t'mi ■ interior pressure  on  the  cylinoer  may  be  computeo  readily  from 
• (15).  LETTJN&  Pm  BE  THE  INTERIOR  PRESSURE,  AND  P*  « P«  , %#*£RE 


sv  is  the  vf Eld  stress. or  the  material,  it  follows  that 

t ( ■ ....  i. 

• % S(frt.g)  _ * 


pV  * I r*  .v  X*u»2 
; v ^«b  [**  ~vt*l 


TO  COMPUTE  THE  TOTAL  LONG I TUO INAL  FORCE  OPERATING  OVER  THE  ENDS 
-yr  ' ^ ' % 

OF  THE  CYLINDER,  S,  MUST  BE  INTEGRATED  OVER  THE  CYLINDRICAL  CROSS 

SECTION.  LET  F be  THE  TOTAL  ENQUISE  FORCE,  and.  SET  r*  « 


THEN  jL. 


2 r 

1/t^v 


y i 


SUBSTITUTION  FROM  ( 12)  AND  ( 14)  GIVES,  THEREFORE,  " 

Ct  = /*•  jSr'*  Sgi  [*,  ♦ - 


(2  +"¥i)Me 
Vf  («*  - 9x*y  ■ 


THIS  EXPRESS  I ON -MAY  BE  SIMPLIFIED  BY  INTEGRATING  THE  TERM. IN  SP  BY  PARTS 
Mim  THE  ABOVE  DEFINITION  for  ?-♦  AJ>lO  the  RELATIONS,  (from  (11)  ) 

:■  1 * AND  y*.  = M>?  t 


2 + € 


*2  + 9, 


TO  SIMPLIFY  THE  INTEGRATED  TERMS,  THE  FINAL  EXPRESSION  MAY  BE  OBTAINED, 

r. . . w _ , , V ««>  /•  s<*>**>  ' 


s,  • y?sy  4.  (?2  _ > . . 

ONE  MORE'OUAnT.^v  ,'.p  INTEREST  REMA  INS.  ‘ THIS  IS  THE  SO-CALLED^  FLOW 
FACTOR  (FF);  THAT.  IS,  THE  PATIO~OF  THE  INCREASE  OF  THE  INSIDE  DIAMETER 
TO  THE  INCREASE  OF  THE  OOrSlOE  DIAMETER.  THIS  MAY  EVIDENTLY  BE'  Ai/RITTEN 


'.THROUGH  CONSIDERATION  O'"  (6),  WHERE  etb  IS  THE  VALUE  OF  et  AT  jR  * W. 

EMjBLOYING  (8),  -/'*  :i‘ 

f " _ * . 


etb  * 


l _ § 

O ! * 


■J  * 5 


-WHENCE  FF  = 


EXAMINATION  OF  THE  FORMULAE  THUS  rAR  OBTAINED  SHOWS  THAT  IF 
* '®S»'AND  VARC  SPECIFlED^JllEAHrt  pTHER  STRESSES  AND  STRAIN5  MA<Y 
"READILY-  BE  :■  rVCT  WILL  BE 'OF  IMPORTANCE  IN  THE  CASE 

OF  PARTIAL  YIELDING  TO  BE  DtLCUSSEO  LATER F 


4. 


SOLUTION  FOR  MATERIAL  Y I ELD I NG  UNDER  CONSTANT  STRESS: 


IN  THIS  CASE,  THE  FUNCTION  S(e)  ASSUMES  ITS  SIMPLEST  FORM/  NAMELY 


= A CONSTANT  Y I ELD  STRESS,  Sy . 


THE  FORMULAE  TOR  Sr,  +* , AND  P*  MAY  THEREFORE  BE  EVALUATED  ANALYTICALLY 


V'  4 


>ROM  The  INTEGRAL  FORMS  (15),. (17),  AND  (t9a).  THUS,  FOR  Sr  IS  OBTAINED 
AN  EXPRESSION3  EQUIVALENT  TO  ONE  GIVEN  BY  NAOAl  AND  LOO£*| 


FOR  P* 


Sr  • - K [COSH'1  (|j)  ~ COSH->  (§- 

♦ • A , ■ -T  ' 

p*  -i 


.ail 


AND  FOR  F* 


F*  * - 


iSg..r.  s; 

Su 


♦ *>♦  + *&.:zJi 

; *1 


SINCE  THE  FLOW  FACTOR  DOES  NOT  DEPEND  UPON  TJ«  PARTICULAR  FORM 
ASSUMED  FOR  THE  STRESS-STRAIN  LAW  OF  THE  MATERIAL,  BUT  ONLY  UPON  TIC 


INCOMPRESSIBILITY  AS  EXPRESSED  THROUGH  THE  STRAINS,  THIS  QUANTITY  WILL 


HAVE  THE  SAME  VALUE  (22)  AS  BEFORE. 

FOR  A GIVEN  VALUE  Of  EXTERNAL  PRESSURE,  THE  EQUATION  f*  ■ 

A RELATION  BETWEEN,  f,  AND  W.  THIS  RELATION,  IS  OF  PARTICULAR  Pf»C^l^  j';',, 
IMPORTANCE,  AND  |T  y/ll  BE  SHOWN.  I N GRAPH KCAL  FORM' ^ IN  jSUBSEOUENT^Wi^’^S 
THAT *TH  IS:  RELA.T  1(^1  AGREES  BETTER  WITH  EXPERIMENT  THAN^HC  CUSTOMARY 
APPROX  1‘fiAT  I ON  ASSUMING  «#  « 0.  ... 


SOLUTION  FOR  CONSTANT  STRAIN  HARDENING: 


IN  THIS  CASE' 


♦ £aC 


WHERE  C,  I £ A SLOPE  ANALOGOUS  TO  'THE  ORDINARY  YOUWS>*$  MOOULUS. 

IT  IS^VIQENT  THXt  THE  EXPRESSIONS  FOR  Sr,  P*,  AND  t*  WILL  CONtAIN 


THE  EXPRESSIONS  COMPUTED  ABOVE  FOR  YIELDING  UNDER  CONSTANT  STf*£S$  || 

. ■ 1 .*■  : -.  . c ■ v • -•  ■-  . ' c --  -.-c.-V 


FOR  COMPUTATIONAL  PURPOSES  IT  IS  OFTEN  OF  CONVENIENCE  TO 


RELATION  COSH”1  fJ-Y  - SIKH*1  (J-j-  - ll  • SUfT* 

■ . 'o'  *>  • 


-*‘^’>41  . V->4  “4r 

>■  v*.‘ 


a;  NAOAl,  PLASTIC  BEHAVIOR  OF  METALS  IN  THE  STRAIN  HAflOCMINQ  RAMQE,. 
PART  1.  JOURNAL  OF  APPtlEO  PHYSICS,  MARCH,.  iBSt.  ■■  \ ■ >. 


SC,  as  flERC  DEFINED,  DIFFERS  NEGLIGIBLY 
POINT  OF 


THE.  MATERIAL. 


j.  • . -4 


» 


jfcji 


L 

f ' ’ 


. * . 

;■  ' i 


r-  ; : 


1 cp*.  *■-  - 


SPECIAL  CASES  IN  WHICH  E,  ■ 0.  THUS  II  WILL  e£  NECESSARY  TO  COMPtH^ 
ONLY  THOSE  TERMS  CONTAINING  Eft  AS  EXPRESS  IONS  TO  BEr  AOOEO  TO  THE  TERMS'’ 
^ PRE  V I OBSL  Y COMPUTED . 

i ' : 

THUS,  TO  Sr  MUST  BE  ADDED 


tX 


1 FI  _ i I 

I « p ‘ 


W2  “ R2 ’ 

Sr  - * K ‘yH9*rHfc)  ->COSH-((f-)j  . Si 


WHENCE 

. P*  THEREFORE  IS  GIVEN  BY 


**  -4COSH'‘(h)  - C0SH-‘(|»)1  * «>*%*- t»l[t  - ij]  ' 

v y . ■’ 


SIMILARLY  the  NECESSARY  EXPRESSION  TO  BE  AOOED  TO  f*  IS 

?t«||  1*  (w2  ~ i)  - 


t WHENCE 


F4,  — + P*  + yjgl>L.T  6a  + g,u£a£a  fw2  - 1^ 

sy  ^ §*  5y  V”  v 

WERE  Pf  IS  GI  VEN  BY  (30) 

D.  THIN  WALLED  C YL INOERS;  . N 

rr  if  BE  PRESUMED  THAT  WITH  A THIN  WALLED  CYLINDER  THE  STRAIN  DOES 
NOT  VARY  MUCH  WUH  P,  THEN  THE  ABOvI  SOLUTION  FOR  CONSTANT  STRAIN 


HARDENING*  IS  APPLICABLE.  * 

THIN  WALLED  CYLINDERS  MAY  BE  ANALY?EO  DIRECTLY  FROM  FIRST  ORDER 
APPROXIMATIONS  TO  THE  GENERAL  PLASTlfc  STRESS  STRAIN  RELATIONS  HOWEVER, 
IF  IT  IS  CONSIDERED  THAT  FOR  SUCH  TUBES  ALL  STRESSES  MUST  VARY  LINEARLY 
ACROSS  THE  WALL,  INDEPENDENTLY  OF  THE  STRESS  STRAIN  RELATION  OF  THE 
MATERIAL.  ' . - ‘ ' ' T ^ 

SUPPOSE,  FOR  SIMPLICITY,  TH^T  P„  - 0. 

Then,  obviously,  " . ' ' 

" v; 


P w r-.R: 
y • W - 1 


AND*  FROM  THE  EQUILIBRIUM  EQUATION  =i5§ 

- OK 


sel- 


> s. 


o 


3t  « 


(2P  w) 


w - J 

WHICH  REDUCES  TO,  THE  USUA!  BOILER  FORMULA  AT  HIOWALL  AND  WHICH  LIKEWISE 


hjfk&Z, 


>'  12 


r'k 


S ■ c V 

I V . 


•mz 

. -W/i 


ife 


COULD  HAVE  BEEN  WRITTEN  OOWN  AT  OtCC. 


' - 1 1 • -■  . , • . . , i ' - « 4 

NOW  S,  SHOULD^ 0€  ZERO  AT  THE  CENTER  OF  THE  |*U.,‘fr,«  , ftjjg 

AX IAL  FORCE.  ALSO,  IN  ^(9 ),  lg  V 3 - ?R  WHICH  IS  2 - V AT  R m.  )L 


Pt  ~ «. 


ZERO  AXIAL  FORCE.  ALSO,  IN  ^9),  lg  * 3 - ?R  WHICH  IS  2 • 
HENCE  THE  EXPRESSION 

■ 3i.- V - s,  - s.  ■ ■ ** 

: e*  ~ «r  : ; Pi  - «t  ./  . * , 

APPLIEO  to  the  CENTER  OF  the  WALL  BECOMES  ) 

S,  . ZXj.  3<W-»)  - l^zOiS  i . 3 (w . , ; 

“ * SQw  - i)*  2 4 

TO  THE  FIRST  ORDER  IN  WALL  THICKNESS.  i 

3 • PARTIAL  YIELDING  OF  Cl  RCULA1T  CYLINDERS 

THE  CYLINDER  WILL  NOW  BE  CONSIDERED  AS  COMPOSED  OF  n 


S 


THE  cylinder  will  now  be  CONSIDERED  AS  COMPOSEO  OF  TWO  DISTINCT  7 ‘7 
TUBE^,  AN'  INNER  PLASTIC  ONE'  AND  An  OUTER  ELASTIC  ONE.  . IT  WILL  BE 
FOUND  POSSIBLE  TO  DETERMINE.  A SYSTEM  of  STRESSES  AND'  STRAINS'  IN.  EACjH 
CYLINDER  SUCH  that  THE  APPROPRIATE  EXTERNAL  BOUNDARY  CONDITIONS  ARE"  ' M 

SATISFIED,  AND  SUCH  THAT  THE  CONDITIONS  AT  THE  CONt IGUOUS  SURFACE- “Oif^-r  :~&jm 
THE  TWO^UBES  ARE  COMPATIBLE  WITH  THOSE  OF  A SINGLE  SOLID  BODY.  \jN 
THIS  SOLUTION  THE  FOLLOWING  ASSUMPTIONS  WILLIE  MADE: 

a THE  PRESSURE  EXTERNAL  TO  THE  ELASTIC  CYLINDER  IS  ZERO. 
b THC  ONLY  REACTION  BttWE-fSN  THE  TWO  CYLINDERS  IS  THAT  OF  A ?■ 

MUTUAL  NORMAL  PRESSURE,  Pb,  >y7 

..  C THE  LONGITUDINAL  EXTENSIONS,  e„  IN  THE  TV®  CYLINDERS  ARE 
* THE  SAME  AND  CONSTANT  THROUGHOUT  . r ,/  , •• 

d THE  TANGENTIAL  STRAIN  AT^THE  ELASTIC-PLASTI C BOUNDARY,  R m Rk-; 
iS  7 HE  SAME  I N BOTH  CYLINDERS.  ' ' lW  7**;; 


I;-.-. 

!■ 


©ffW 


IS  7 HE  SAME  IN  BOTH  CYLINDERS,  ' '■ 

THE.  MATERIAL  AT  THE.. INNER  BOUNDARY  OF  THE  ELASTIC'  CYLINDER 


' LET 
AND  Lfld 


I JUST  AT  THE  YIELD  POINfOF  THE  MATERIAL;  THAT  IS,  THE 
-AST lC  STRESSES  AT  THIS  POINT  SATISFY  EQUAT LONS  (3). 


BE  NOWJHE  OVERALL  WALL  RATIO  OF  THE  COMPLEtE 'CYLINDER..'^' 


AND  LC3R',BE  WA4L  RAT,°  0F  fCASTIC  PORTION1  ALONE,  THE.  V^C 
CWANtlfK^TCH  WAS  FORMERLY  DENOTED  BY  V.  IT  HAS  ALREADY  BEEN  SHOW^ 
THAT  FOR  GIVEN  VALUES  OF  ez,  et„  Pb,  AND  % THE  PLASTIC  SOLUTION 
IS  COMPLETELY  DETERMINED,  FOR  A.  MATERIAL  WITH  A GIVEN  TYPE  OF  STRESS-  " 

! ° ' ~ , 7 

STRAIN.  LAW.  IF  THE  SYMBOL  ez  IS  TAKEN  AS  REPRESENTING  BOTH  PLAST j ^ 

AND  El ASTIC  LONGITUDINAL  STRAIN,  THEN  CONDITION  c WILL  BE  SATISFIED,'0 
THE  SOLUTION  IS  THEREFORE  CONSIDERED  FOR  AN  ELASTIC %JBF  UNftrp 
PboAND  ZERO,  INTERNALLY  AND  EXTERNALLY,  OF  WALL  RATIO  ^ , AM)  WITH  THE 
PRESCRIBED  LONG  I TUDINALp  STRAIN,  «^.  IT  IS  READILY  SEEN^THAT  THERE  ARE 
LEFT  ONLY  CONDITIONS  d AND  e TO  BE  SATISFIED,  WITH  TWO  VARIABLES,  P„ 


* i 


- 13  - 


SXviJtlV  ’•■*.*£!•.'.  . ■*i--.-'l;“", .;  ' I "'V 


■vein® 


'am ' 


f*  ^ T**  WCtL  KNOW1SOIUT.W  TOP  AN  CLASTIC  TUBE  UNDCP  AN  INTERNAL  PRESSURE 

J^tXIERMAl  f^SSURE,  AND  Vi  TH  A GIVEN  LONGITUDINAL  FQ(k{,  Ttt 

,?^p..:v  . jByiCfiMESy - -tfo-TNE  -NOfiAT t ON  USED  HERE, ' ' '■  '- v . ?;T-  • '• 

, 1 ^ ; ' 9 ■ * * 
h.A^,  * ,«L  '**'  i.ilStRte*  v f.  . '.'■  W&T 


$m. 

.■* 

Jr 


Sr  * cs^r^  [ i - j£. 


a®‘  ^ 


“'  V »*>:’<  . . • • n 

^rdJi  X.  WHERE  f*V  * 


_ s„r*h 

- w^-pN 


4*X;. 

im-t:..  T 
IlSii’i-' 

IMy's'V 

fe&fe  ■ ' 
fer”-:  - - 

iv-i*  «... 


v,.LET  E BE  YOUNG’S  MODULUS  FOR  THE  MATERIAL,  AND  p BE  POISSON’S 
RATIO.  THEN  THE  STRAINS  ARE  GIVEN  BV 

/ et  » f ;st  - #i(sr  * sz)[  | . v ( 

^ er  * F ['Sr  “ .Kits*  + S,)| 


r '--v 


r* 


lj£lb?b. 


•TW  ', 

•v.  ' / \ 

c;;  / 


e ^r>(St  + SpiL  . ';  ‘ -y- 

/ « * 

t.LET  etb  BE  THE  VALUE  et  AT.  R = Rbf  AND  LET  e ■ *• 

'■  . etb  * > 5 5 - §,  + H-U  \ 

et»  • \2  1 * x^b2  > ‘ 

AS  GIVEN  BY  .(8)  FOR  THE  PI  AST  l C REGION.  WRITING  P\  = , IT  FOLLOWS, 

UPON  SUBSTITUTION  FROM 436)  INTO  (37),  THAT  y ^y 

(^)  etb  * tf~zrfb7  ■!!  ;-  W)«b*  + (1  ♦ R.Vj.  - 

(%*)  gy  - r\  2»p* kPk2  ' - 

v Sy  y < W8  - Rb7  w8  - Rb?‘  ” ' / _ 

SOLVING  C39)  AND ' (40)  EOR,  P^^AND  F>b,  • 

. -V.  jjfil . 

^ | (1  “■ P - 2*J?  )Rb2-'+/(  1 + r)w?| 

• F*v"  CwLA  Rit2){^K  \ • 

.'NOW  CONSIDER  W,  Rb,  A^J)  Fr  AS  THE  GIVEN  QUANTITIES^  TOGETHER  WITH 
THE  PHYSICAL  PROPERTIES  OF  THE  MATERIAL.  THEN  FROM  (38),  (41 ),  AND' 

^•2)  P*b  AND  F*b  £/CM  BECOME  A KNOWN  QUANT | TV  MULTIPLIED  BY  THE  FACTOR 
$**  ■•  .SUBSTITUTING  FROM  (36)  INTQ  (3),  CONDITION  e gTvES  1 


i )'*  (3w*  » Rb1* ) * 2pyr*hR»g 


- , (w*  - r„*)* 

SINCE  IS  A FACTOR  Or  BOTH  P4b'  AND  F4b,  AS  JUST  SHOWN, 

\ !*E  ABOVE  EXPRESSION  MAY  BE  SOLVED  POR  ~*A  IN  TERMS  OF  KNOWN 

QUANTITIES,  AND  HENCf  R*b  ANO  F4b  MAY  BE  DETERMINED,  THIS  having 
been,  done,  the  elastic  stresses  AND  strains  may  be  FOUND  FROM  (36) 

’ ANO  (37).  ' 

HAVING .NOW  FOUND  THE  ELASTIC  QUANTITIES,  IN  TERMS  OF  W,  Rb,  Al 


’ 7:}jiU 
’L&m 


’ ANO  (37).  --  - ■ . -J 

HAVING .NOW  FOUND  THE  ELASTIC  QUANTITIES,  IN  TERMS  OF  W,  R„,  ANO  , ; i 
IT  IS  POSSIBLE  TO  RETURN  TO  THE  CONSIDERATION  OF  THE  PLASTIC  PORTION.  Z; 

OF  THE  CYLINDER.  Pb,  e,,  et„  AND  Rb  ARE  NOW  FIXED,  SO  THAT  TH| -#M|STl4^-|^ 
SOLUTION  IS  DETERMINED  A$  BEFORE.  THUS  Tl4  ttfltlAL  Sj8 

W,  Rb,  AND  6,  IS  SUFFICIENT  TO  DETERMINE  THE  SOLUTION  COMPLETELY. 

OVERALL  LONGITUDINAL  FORCE  COEFFTCrENT  MAYf BE  FOUND  AS  THE  SUMlfr  F%  ‘ ii|3 
-AND  r\i  AND  THE  INTERNAL  -PRESSURE. .MAY  BE  FOUtyD  FROM  PLASTli  CONSIOCRA- 
TIONS  (Cf.  (17)  OR  (25)).  ' 

THIS  APPROACH.  PERMITS  THE  SIMPLE  CONSTRUCTION  OF  CURVES  FROM 
WHICH  T HE  NECESSARY  DATA  MAY  BE  TAKEN  DIRECTLY.  .’THUS  IF  V,  .Pg,,  - 
AND  EITHER  OF  e,  OR  F4  ARE  PRESCRIBED,  Rb,  P4b,  AND  ALL  OEPENOENT  , t? 

QUANTITIES  MAY  BE  FOUND  SUCCESSIVELY.  THIS  SOLUTION-,  THEN,  PRESENTED 
IN' GRAPHICAL  form,.  WILL  GIVE  ALL  THE  DATA  NEEDED FORJDESIGN 


THE  SOLUT I ONS  HERE  PRESENTED,  EXPRESSED;  IN 1 - GRAPHICAL  FORMj ; 

FORM  THE  SUBJECT  MATTER  /OR  SUBSEQUENT  REPORtS,  " 'THEtR^APPLtCAtJ^i^^i 
-PROBLEMS  IN  ' THE  ’ DCS  I GN  OF  GUNS  AND  SHELLS  WILLIE 
REPORTS.  ■.  - V " - : 


o'. 

• j*  '‘i-.i-A  ■■■■  i 


' ■ ■ 

• . ' . t-  * -*■  StofaXhr-’i'k 
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